We investigate the spectrum of resonance uorescence of laser driven three-level systems in the V or con guration where one transition is metastable. If the laser driving the weak transition has a su ciently small Rabi frequency we nd an extremely narrow structure in the resonance uorescence spectrum of the strong transition. Analytical expressions approximating the spectrum are given and the properties of the spectrum are discussed. With the help of a simpli ed model of resonance uorescence emitted on the strong transition we are able to show that the origin of the narrow peak can be traced back to electron shelving, i.e. to the existence of light and dark periods in the resonance uorescence emitted on the strong transition.
I. Introduction
If an atomic multilevel system is irradiated by one or several lasers it scatters some of the incident photons into the initially empty modes of the quantized radiation eld. Both the temporal as well as the spectral properties of the scattered photons are of interest since they provide information about the internal structure of the atom and exhibit interesting quantum mechanical features of the atom-light interaction. The early investigations of these questions focused on laser-driven two-level systems which represent the simplest nontrivial case. Mollow 1] derived the spectrum of resonance uorescence of a two-level system irradiated by one laser and examined its properties which have later been con rmed by experiment 2] . His fully quantum mechanical approach revealed that in the limit of a strong laser the spectrum consists of three main contributions. Apart from a central peak there are also sidebands separated from the central peak by an amount proportional to the Rabi frequency of the driving eld which are about 1=3 as high as the central peak and which are 1:5 times wider than the central peak. The existence of the side peaks re ects the fact that due to the strong driving the intensity of the resonance uorescence is modulated with the Rabi frequency because the atom performs Rabi oscillations.
Later the spectrum of resonance uorescence of 3-level systems irradiated by two lasers became the subject of several investigations 3, 4, 5] . Due to the more complex internal dynamics of the atom the spectrum of resonance uorescence has much more structure and shows a variety of interesting e ects. For example it is possible to reduce the width of the components of the resonance uorescence spectrum, as pointed out by Narducci et al 5] . In this scheme, as depicted in Fig. 1 , two upper levels 2 and 3 decay to a common ground state 1 ( V system). If the decay constant 2? 22 of the 2 $ 1 transition is larger than 2? 33 and if simultaneously the Rabi frequency 2 of the laser driving the 2 $ 1 transition is smaller than 3 the spectral width of the photons emitted on the 2 $ 1 transition can approach ? 33 instead of ? 22 for su ciently strong laser elds. Similar e ects occur in the system (Fig 2) . This e ect can be understood from an analysis of the resonance uorescence spectrum in the dressed states picture 6] in secular approximation 5, 7] . While the treatment by Narducci et al. is general in the eld strenghts, the e ect of subnatural line-narrowing is most pronounced when one of the driving elds is strong.
In many other works 4] the main point was the investigation of e ects the atom exhibits when both laser elds are strong. In many cases a weak laser driving the 3 $ 1 transition does not a ect the spectrum of resonance uorescence on the 2 $ 1 transition. However this is not always so. In the present paper this is shown for the V system with metastable upper level 3 as well as for the system depicted in Fig. 2 where the 2 $ 3 transition is metastable. We show that for certain choices of the parameters the steady state spectrum of resonance uorescence on the strong 2 $ 1 transition consists of the three peaks of the Mollow spectrum and an additional extremely narrow peak centered at the frequency of the laser driving the 2 $ 1 transition. This peak has also been observed recently in numerical simulations of the spectrum of resonance uorescence by Kim, Garraway and Knight 8] . The width of this peak is essentially proportional to the intensity of the laser driving the weak transition. This additional peak, although very narrow, should not be confused with the Rayleigh peak which is also present in the spectrum but gives afunction contribution. In contrast to the line narrowing e ects exhibited in 5] the existence of the narrow peak found here cannot easily be understood from a dressed-states analysis since it turns out to be a nonsecular e ect. This clearly distinguishes the narrow peak from the line narrowing e ects found in 5]. It is wellknown both theoretically 9] and experimentally 10] that for certain choices of the parameters the resonance uorescence of both the V and the system may exhibit light and dark periods, i.e., periods of high intensity of the resonance uorescence are interrupted at random times by periods of vanishing intensity although both laser elds irradiate the system continuously. During a dark period the atom is predominantly in the metastable state ("electron shelving"). By means of the quantum jump approach 11] we nd that the parameter range where light and dark periods exist coincides with the one for which the additional narrow peak in the spectrum occurs. This seems to indicate that both features are closely related.
In fact, we can show with the help of a simpli ed model of resonance uorescence that the stochastic modulation of the intensity of resonance uorescence due to the dark periods is responsible for the existence of the narrow peak.
Our paper is organized as follows. In Section II we introduce the basic formulas needed in the following sections to calculate and discuss the spectrum of resonance uorescence. In Section III the spectrum of resonance uorescence of both the V and the system on the strong transition is calculated under the assumption that the other transition is weak. We restrict ourselves to the interesting parameter range where the narrow peak occurs and are able to give approximate analytical expressions for the exact spectrum. The properties of the spectra are discussed. In Section IV we brie y discuss the photon statistics of both systems. With the help of a simpli ed model of resonance uorescence when light and dark periods occur we are able to give a physical explanation for the occurrence of the narrow peak. In Section V the results of this paper are summarized.
II. Prerequisites
Before we discuss the V and system in Section III we use this section to collect the basic formulas for the calculation of the resonance uorescence spectra. In this section we also x the notation used in this paper. The state of the atom can be described by the reduced density operator
where tot (t) is the density operator of the complete system of the atom and the quantized radiation eld and tr B f:g denotes the partial trace over the bath variables. Matrix elements of are given by
where ij (0) := jiihjj (3) and tr A f:g is the trace in atomic space. One can rewrite (2) with the help of the Heisenberg operator ij (t) := U y (t; 0)jiihjjU(t; 0) (4) to get ij (t) = trf ij (t) tot (0)g h ij (t)i : (5) U(t; 0) is the time evolution operator given by the Hamilton operator H. The equations (1)- (5) are given in the Schr odinger picture. Usually it is more convenient to work in an interaction picture. All the expressions in this section remain valid if one substitutes the Schr odinger picture evolution operator U(t; 0) by its counterpart U I (t; 0) in the interaction picture .
The time evolution of the atomic density operator (t) (6) so that for example~ 3 (t) = 21 (t) one nds with (t) = h~ (t)i (7) for the time evolution of h~ (t)i the equation d dt h~ (t)i = Mh~ (t)i + I (8) where M is an 8 8 matrix in the case of three-level systems and I is a vector with 8 components. The explicit form of M and I can be derived by standard techniques 12] from the Hamiltonian of the system under consideration. In the following we give the explicit form of (8) for both V and system. The V system: The Hamiltonian of the V system (see Fig. 1 
the Hamilton operator of the system (see Fig. 2 _ ij = _ ji : (16) Having found the time evolution of one-time averages like (7, 8) one is also interested in two-time averages of the form h~ (t)~ i (t 2 )i (17) with t > t 2 . The quantum regression theorem 12, 13] states that for t > t 2 (17) obeys the (20) We have assumed perfect spectral resolution. The formulas for nite spectral resolution are obtained from a convolution of (19) with a Lorentzian of width ? f where ? f gives the spectral resolution 14]. The resonance uorescence spectrum is usually divided into two parts, the coherent Rayleigh peak S coh ( ), which gives a -function contribution, and the incoherent part S inc ( ). We nd S coh ( ) = 1 With the help of (18) III. Calculation of the resonance uorescence spectra.
After having introduced the necessary formulas in Section II we are now in a position to study the spectrum of resonance uorescence of the V and the system. It is possible to calculate the spectra for a general set of parameters i ; i ; ? ii but the resulting expressions are extremely complicated. Therefore we restrict ourselves to a special choice of parameters. We assume that spontaneous emissions on the 3 $ 1 transition in the V system are negligible. In the con guration we assume spontaneous emissions to be negligible on the 2 $ 3 transition. This restriction is not strictly necessary for the following but since it can easily be realized in realistic systems we impose it in this section because this simpli es the analytical expressions. Additionally the Rabi frequency of the laser on the 1 $ 3 transition in the V system (2 $ 3 transition in the system) should be small, a condition which is speci ed quantitatively below. We treat the V and the system separately and give analytical expressions for the constraints stated here. 
These conditions have the following interpretation. If (24) is satis ed the V system exhibits long light and dark periods. If (26) is satis ed stimulated transitions from level 3 to level 1 are much more frequent than spontaneous emissions on the same transition. If not stated explicitly we assume (24) and (26) to be satis ed in the following. In particular we neglect the contributions of ? 33 completely 15] and keep 2 3 only to lowest nontrivial order. For the computation of the resonance uorescence spectrum by (23) the steady state of the atomic density matrix is needed which is easily calculated from (12) (29) is essentially independent of 3 if the eld driving the 3 $ 1 transition is weak, i.e. if (24) is satis ed. Inserting this in (21) and (23) 
In Fig. 3 we have plotted the exact spectrum as well as the approximate results given by Eqs. (30) - (38) for strong driving of the 2 $ 1 transition. The parameters are 2 = 6 ? 22 ; 3 = 0:4 ? 22 and 2 = 3 = 0. We observe that the spectrum can be separated into three main contributions, one of which is unexpected. First there is the Rayleigh peak which is proportional to a -function and is therefore not visible in Fig. 3 . Second we observe the wellknown Mollow triplet which consists of a central line and two symmetrically placed sidebands. The third contribution to the spectrum given by (38) is surprising. It is an extremely narrow Lorentzian centered at = 0. In Fig. 4 we have plotted the spectrum of Fig. 3 with a better resolution so that the nite width of the narrow peak becomes obvious. The width of this peak is proportional to 2 3 , i.e. proportional to the intensity of the eld driving the 3 $ 1 transition. Therefore decreasing the intensity of the eld driving the 3 $ 1 transition produces a narrower and narrower peak. The amplitude of the narrow peak also shows a remarkable behaviour which is observable from (34). If the intensity of eld 3 decreases the peak amplitude increases with ?2 3 . Therefore the area under the narrow peak in the spectrum (which is proportional to the emission rate) is independent of the intensity of eld 3 while the width of the peak decreases with the eld intensity. This contrasts with the results obtained by Narducci et al 5] who nd a narrowing of the complete spectrum on the 2 $ 1 transition if the 3 $ 1 transition is driven with a larger Rabi frequency than the 2 $ 1 transition. In that case, however, also the total intensity of the light scattered on the 2 $ 1 transition is reduced.
These statements are valid only if both conditions (24) and (26) The reason for this enhancement of I peak for 3 = 2 =2 is the dynamical Stark splitting of level 1 due to the strong pumping. For 3 = 2 =2 eld 3 is on resonance with one of the split levels. In Fig. 5 the spectrum is plotted for the same set of parameters as in Fig.   3 , but now with 3 = 3 ? 22 = 2 =2 instead of 3 = 0. One easily observes the higher relative weight of the narrow peak which now has a much larger width.
A di erent method is to weaken the laser on the 2 $ 1 transition. In that case the relative weight of the Mollow spectrum (39) decreases and tends to zero while the relative contributions of the Rayleigh peak and of the narrow peak grow. For 2 = 3 = 0 we nd I peak 1 2 I coh :
In Fig. 6 the spectrum is plotted for 2 = 2 ? 22 ; 3 = 0:2 ? 22 and 2 = 3 = 0. The relative weight of the narrow contribution is larger while that of the Mollow spectrum is smaller now compared to Fig. 3 . After the discussion of the V system we now treat the system which also shows a narrow peak in its resonance uorescence spectrum.
The system: The investigation of the system proceeds analogously to that of the V system. First we give the inequalities to be satis ed by the parameters i ; i ; ? ii if the narrow peak in the spectrum is to be observable. Again the Rabi frequency of eld 3 has to be weak, (47) where~ = 2 ? 3 is the two-photon detuning. The interpretation of condition (45) and (47) is similar to those of conditions (24) and (26) (55) The steady state of the system shows one remarkable feature that is absent in the V system. If the two-photon detuning~ approaches zero the population in the upper level 2 tends to zero so that the intensity of resonance uorescence I tot = 2 ? 22 ss 22 vanishes in this limit. This is the wellknown dark resonance 3] and nds its explanation in the fact that the state j i = 1 (56) is stable against laser excitation but can be populated via spontaneous decay from the upper level. The spectrum of resonance uorescence for this case has to be treated with care since only a nite number of photons are scattered.
Inserting the steady state result into (21) and (23) 
Again as in the V system there is an extremely narrow contribution to the spectrum of resonance uorescence with properties similar to that of the narrow peak in the V system. Since the system exhibits a dark resonance for 2 = 3 we have plotted the spectrum for 2 = 2 ? 22 ; 3 = 0:2 ? 22 ; 2 = 0 and 3 = ? 22 in Fig. 7 . Again one observes the narrow peak in the spectrum. There are no sidebands as in Fig. 3 since the Rabi frequency 2 is too small. For stronger driving one would again observe sidebands. Now one may ask how the spectrum of resonance uorescence changes when we approach the dark resonance, that is, for~ ! 0. From (63)- (65), which are good approximations even for~ = 0, we observe that in this limit the narrow peak persists while the contribution of the Rayleigh peak becomes extremely small. In Fig. 8 we have plotted the spectrum of all photons emitted by the system for 2 = 2 ? 22 ; 3 = 0:2 ? 22 ; 2 = 0 and 3 = 0. If one calculates the relative weights one nds that 1 3 of the intensity is emitted into the narrow peak while 2 3 of the intensity rests in the Mollow contribution. For decreasing 2 the relative weight of the narrow peak increases rapidly.
In this section we have shown that the resonance uorescence spectrum of a driven 3-level system may have an extremely narrow contribution if
One of the driven transitions is metastable The metastable transition is driven with su ciently small Rabi frequency. We have only discussed the V and the system in this section. The ladder system which one obtains from the system if one assumes ! 31 > ! 21 or from the V system if level 3 lies below level 1 does not give new results since we neglect spontaneous decay on these transitions anyway. The pump processes due to the incident elds do not depend on the sign of the energy di erence between the coupled levels.
IV Interpretation of results
In the preceding section we have investigated the spectrum of resonance uorescence of the laser driven V and con guration with one metastable transition. We found in the case of su ciently weak Rabi frequency of the eld driving the metastable transition that an extremely narrow Lorentzian appears in the spectrum of resonance uorescence. After the discussion of its properties in the last section we are going to clarify the origin of the narrow peak in the spectrum.
To this purpose we brie y investigate the photon statistics of the resonance uorescence for a single V or system. It is wellknown that single systems in both con gurations may exhibit light and dark periods if one of the transitions is weak 9]. For these systems although continuously irradiated by the two lasers periods of high intensity of resonance uorescence (light periods) are interrupted at random times by periods with vanishing intensity (dark periods). During a dark period the atom is in a superposition with predominant component in the metastable state ("electron shelving"). The properties of the photon statistics and especially the mean lengths of both light and dark periods can be calculated analytically with the help of the quantum jump approach 11] (also known as Monte Carlo wavefunction approach or quantum trajectories). The quantum jump approach allows one to calculate the state right after the detection of a photon and the probability density for the detection time of the next photon. These two quantities x the statistical properties of the light emitted by a single atom.
We now show that under condition (24) for the V system (condition (44) for the system) a single system exhibits light and dark periods in the resonance uorescence. For this it is su cient to calculate the mean length of light and dark periods since it is known that the lengths T L and T D of light and dark periods essentially obey a Poissonian 
One observes from (66) - (69) that for su ciently small 2 3 and ? 33 the light and dark periods may be made arbitrarily large. In fact both T L and T D can become much larger than the mean time between successive emissions so that many photons appear in a light period while many photons are missing in a dark period. In particular under the conditions (24) and (44) a single V or system exhibits long light and dark periods. Now that we know that the V and con guration exhibit light and dark periods for those parameters for which the narrow peak in the spectrum appears we proceed with a somewhat simpli ed model of resonance uorescence which is valid for both the V and system. We assume that the lengths of light and dark periods obey exactly Poissonian distributions, e.g. the probability density that a light period has the length t is
and for a dark period to have a length of t is
Additionally we assume that in a light period the system behaves exactly like a two-level system made up of the two levels 1 and 2. It is wellknown 16] that the stationary spectrum of resonance uorescence of such a two-level system is given by S (2) ( ) = lim
where E (?) (t) and E (+) (t) denote the negative and positive frequency part of the electric eld operator and C is chosen in such a way that with E (+) (t) 12 (75) where the constants B; C and D are given in (31)-(33). Since the light emitted by the atom switches on and o due to the light and dark periods we assume that the electric eld radiated by the 3-level con gurations is given bŷ
where f(t) is a two state jump process with values 0 and 1. The probability density for the length of a period where f(t) = 0 is given by (70) and that for f(t) = 1 is given by (71). Therefore we have to substitutê ij (t) := ij (t)f(t) (77) in (74) and expect the spectrum of the three-level con gurations to be given by 
with
where
Since both T D and T L are assumed to be much longer than the mean emission time of a two-level system, which is of the order of ? ?1 22 , we can deduce from this 
This expression has to be compared with the results (30), (35)- (37) and (59), (63)- (65). In fact inserting (66)- (67) or (68)- (69) into (82) yields very good agreement with the spectra of the V and the system respectively. The width ? p of the resulting narrow peak is
The amplitude A p of the narrow peak in the normalized spectrum is then given by
( 84) Now the interpretation of the narrow peak is obvious. The stochastic modulation of the resonance uorescence due to dark periods leads to a partial broadening of the Rayleigh peak. The small width of the additional peak in the resonance uorescence spectrum is then understood from the fact that the correlation time c of the random telegraph process f(t) which simulates the light and dark periods is very large. In fact
This results in an extremely narrow distribution in frequency space with a width ? p = ?1 c . It is this structure which is observable in the spectrum of resonance uorescence. It is interesting to note that the narrow peak is not easily interpreted in a dressed-states picture. Indeed, in secular approximation and for 2 = 3 = 0 one obtains a zero weight for the narrow peak. Even if we tune laser 3 to resonance with one of the dressed states, ie. 3 = =2, the weight of the narrow peak comes out much too small. In fact it would then be predicted to be proportional to 2 3 . Therefore the narrow peak found here has clearly a di erent origin than the line narrowing e ects found in 5]. Now one also understands the in uence of nite values of ? 33 . If for the V system spontaneous transitions from level 3 are more important than stimulated transitions from level 3 T D is of the order of ? ?1 33 ; analogously, for the system T L would be of the order of ? ?1 33 . Therefore one would have in bozh cases ? p ? 33 . The in uence of nite ? 33 on the amplitude of the narrow peak can be estimated from (84). In Fig. 10 we have plotted the spectrum for three-level systems in the V and con guration with one of the metastable transitions. Each transition is driven by a laser and we assume that the Rabi frequency of the laser driving the metastable transition is su ciently small compared with the Rabi frequency of the laser driving the strong transition.
We have analytically calculated the spectrum of resonance uorescence on the strong transition and found an unexpected structure in addition to the wellknown Mollow spectrum. The additional structure, an extremely narrow peak centered at the frequency of the laser driving the strong transition, has a line width proportional to the intensity I weak of the weak laser and an amplitude proportional to I ?1 weak if we neglect spontaneous decay on the weak transition.
The physical origin of the narrow peak has been clari ed by a simpli ed model of resonance uorescence of the V and the system. We show that for the parameter range for which the narrow peak appears in the spectrum we also nd light and dark periods in the intensity of the resonance uorescence of a single three-level system due to shelving in the weakly coupled level. This suggests to approximate the Heisenberg picture electric eld operator for the three-level systems by the product of the electric eld operator for the two-level system and a random telegraph process which simulates the light and dark periods. The spectrum calculated for this process approximates the exact spectrum very well. This clearly shows that the narrow peak in the spectrum of resonance uorescence has its origin in the modulation of the light from the two-level system due to the dark periods, leading to a long correlation time in the resonance uorescence. 13] M. Lax, Phys. Rev. 129, 2342 (1963) . 14] W. Vogel and G. Welsch, Lectures on Quantum Optics, Akademie Verlag Berlin 1994. 15] It can be shown analytically under quite general conditions that a steady state is reached in the long-time limit also with only one nonzero deacy rate, in contrast to a driven two-level system without decay. The physical reason is that for the three-level system considered here there are still spontaneous transitions which occur at random times for the individual members of an ensemble, and each time the memory is lost. Thus the formulas of the previous section can be applied. If one includes a small nonzero decay rate rate for level 3 the results are qualitatively the same, as seen in Fig. 10 below. The V system. Two upper levels 2 and 3 couple to a common ground state 1. The transition frequencies are assumed to be far apart so that each of the two lasers driving the system couples to only one of the transitions. The 2 $ 1 transition is assumed to be strong while the 3 $ 1 transition is weak.
Ω B Ω S broadband counter spectrometer ion Fig. 2 : The system. Two lower levels 1 and 3 couple to a common upper state 2. The two transition frequencies are assumed to be far apart. The 2 $ 1 transition is strong while the 2 $ 3 transition is assumed to be weak. (30) - (38). In addition to the Mollow spectrum we nd an extremely narrow Lorentzian centered at the origin. The spectrum of resonance uorescence of the V system for a detuned laser driving the 3 $ 1 transition. We chose 3 = 3? 22 = 2 =2. The other parameters are the same as in Fig. 3 . One observes that the width of the peak is much larger now while its amplitude is almost unchanged. Fig. 6 , is still present although the amplitude and width have changed slightly.
